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A "milder" version of Calderon’s inverse problem 
for anisotropic conductivities and partial data 

El Maati Ouhabaz 


Abstract 

Given a general symmetric elliptic operator 
d d 

L a ■— 'y ' dk(a,kjdj) + y ' a k dk — dk(a,k-) + ao 

k,j= 1 k= 1 

we define the associated Dirichlet-to-Neumann (D-t-N) map with partial 
data, i.e., data supported in a part of the boundary. We prove positivity, 
//-estimates and domination properties for the semigroup associated with 
this D-t-N operator. Given L a and Lb of the previous type with bounded 
measurable coefficients a = {a k j, a*,,ao} and b = {b k j, b k ,bo}, we prove 
that if their partial D-t-N operators (with ao and bo replaced by ao — A 
and bo — A) coincide for all A, then the operators L a and Lb, endowed with 
Dirichlet, mixed or Robin boundary conditions are unitarily equivalent. 
In the case of the Dirichlet boundary conditions, this result was proved 
recently by Behrndt and Rohleder 21. We provide a different proof, based 
on spectral theory, which works for other boundary conditions. 

2010 AMS Subject Classification: 35P05, 35R30, 47D05, 47G30. 


1 Introduction 

Let C be a bounded Lipschitz domain of R d with boundary dfl. Let To be a 
closed subset of dfl with To ^ and Id its complement in dfl. We consider 
the symmetric elliptic operator on L 2 (fl) given by the formal expression: 

d d 

L a ( A) := ^2 d k {a k jdj) + ^ a k d k - d k (a *.) + a 0 - A 

k,j=l k =1 

where a k j = 'a] k ,a k ,a o = a o £ L°°(f2) and A is a constant. We define the 
associated Dirichlet-to-Neumann (D-t-N) operator, .A/r lia (A), with partial data 
as follows: 

for tp £ Hi(d£i) with ip = 0 on To, one solves the Dirichlet problem 

L a (\)u = 0 weakly in W 1,2 (fl) with u = <p ondfl, (1.1) 

and defines (in the weak sense) 

d / d 

ACr 1)0 (A)iyj := ^ '^ j a k3 d k u + a]p 
j =1 \k =1 


onTi. (1.2) 
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Here v = (iq. • • • . v ( i) is the outer unit normal to the boundary of Q. The 
operator .A/r 1)0 (A) is interpreted as the conormal derivative on the boundary. It 
is an operator acting on I?(d fl). See Section [2] for more details. 

Let us consider first the case where akj = a(x)8 k: ’, ak = 0 ,k = 0,1.. . d, 
where a £ L°°(H) is bounded from below (by a positive constant). A. Calderon’s 
well known inverse problem asks whether one could determine solely the con¬ 
ductivity a(x) from boundary measurements, i.e., from A/r^O). For the global 
boundary measurements, i.e., Ti = dLl, the first global uniqueness result was 
proved by Sylvester and Uhlmann m for a C-smooth conductivity when d > 3. 
This results was extended to C' 1+e -smooth conductivity by Greenleaf, Lassas 
and Uhlmann m and then by Haberman and Tataru m to C 1 and Lipschitz 
conductivity close to the identity. Haberman Hi proved the uniqueness for 
Lipschitz conductivity when d = 3,4 and this was extended to all d > 3 by 
Caro and Rogers [Tj. In the two-dimension case with C 2 -smooth conductivity, 
the global uniqueness was proved by Nachman m■ This regularity assumption 
was completely removed by Astala and Paivarinta [3] dealing with a £ L°°(H). 
The inverse problem with partial data consists in proving uniqueness (either for 
the isotropic conductivity or for the potential) when the measurement is made 
only on a part of the boundary. This means that the trace of the solution u 
in (0) is supported on a set Td and the D-t-N operator is known on Tjv for 
some parts T£> and Tjv of the boundary. This problem has been studied and 
there are some geometric conditions on T£> and Tjv under which uniqueness is 
proved. We refer to Isakov sa. Kenig, Sjostrand and Uhlmann ng. Dos Santos 
et al. m . Imanuvilov, Uhlmann and Yamamoto [16] and the review paper [19] 
by Kenig and Salo for more references and recent developments. 

Now we move to the anisotropic case. This corresponds to the general case 
where the conductivity is given by a general matrix akj■ As pointed out by 
Lee and Uhlmann in EDI, it is not difficult to see that a change of variables 
given by a diffeomorphism of H which is the identity on dfl leads to different 
coefficients b^j without changing the D-t-N operator on the boundary. Therefore 
the single coefficients akj are not uniquely determined in general. In [20] , Lee 
and Uhlmann proved that for real-analytic coefficients the uniqueness up to a 
diffeomorphism holds when the dimension d is > 3. The same result was proved 
by Astala, Lassas and Paivarinta [5] for the case d = 2 and L°°-coefficients. 

In [6j, Behrndt and Rohleder considered general elliptic expressions L a and 
Lb as above and prove that if the corresponding D-t-N operators A/r lia (A) and 
A/r 1 ,fe(A) coincide for all A in a set having an accumulation point in p{L^)r\p(L^) 
then the operators and L® are unitarily equivalent. Here L^ is the elliptic 
operator L a with Dirichlet boundary conditions. This can be seen as a milder 
version of the uniqueness problem discussed above. The proof is based on the 
theory of extensions of symmetric operators and unique continuation results. It 
is assumed in [6] that the coefficients are Lipschitz continuous on O. We give 
a different proof of this result which also works for other boundary conditions. 
Our main result is the following. 

Theorem 1.1. Suppose that Q is a bounded Lipchitz domain ofR d with d > 2. 
Let To be a closed subset of dfl, To ^ dfl and Ti its complement. Let a = 
{cikj,cik,ao} and b = {bkj,bk,bo} be bounded functions on Ll such that akj and 
bkj satisfy the usual ellipticity condition. If d > 3 we assume in addition that 
the coefficients akj,bkj,ak and bk are Lipschitz continuous on H. 
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Suppose that A/r ll0 (A) = A/r 1 ,b(A) /or all A in a set having an accumulation 
point in p(L^) n p(L®). Then: 

i) The operators L a and Lb endowed with Robin boundary conditions are uni- 
tarily equivalent. 

ii) The operators L a and Lb endowed with mixed boundary conditions (Dirichlet 
on To and Neumann type on F\) are unitarily equivalent. 

in) The operators L a and Lb endowed with Dirichlet boundary conditions are 
unitarily equivalent. 

In addition, for Robin or mixed boundary conditions, the eigenfunctions as¬ 
sociated to the same eigenvalue A ^ er(L^) = a (L®) coincide on the boundary 
of FI. 

Note that unlike |Bj we do not assume regularity of the coefficients when 
d = 2. 

We shall restate this theorem in a more precise way after introducing some 
necessary material and notation. The proof is given in Section [I] It is based 
on spectral theory and differs from the one in [5]. Our strategy is to use a 
relationship between eigenvalues of the D-t-N operator Nr lt a (A) and eigenvalues 
of the elliptic operator with Robin boundary conditions L p on FI where p is a 
parameter. One of the main ingredients in the proof is that each eigenvalue of 
the latter operator is a strictly decreasing map with respect to the parameter p. 
Next, the equality of A/r 1 , a (A) and A/ri,&(A) allows us to prove that the spectra 
of L p and L% are the same and the eigenvalues have the same multiplicity. 
The similarity of the two elliptic operators with Dirichlet boundary conditions 
is obtained from the similarity of L p and L£ by letting the parameter p tend 
to — oo. During the proof we use some ideas from the papers of Arendt and 
Mazzeo (2J and [3j which deal with a different subject, namely the Friendlander 
inequality for the eigenvalues of the Dirichlet and Neumann Laplacian on a 
Lipschitz domain. The ideas which we borrow from [2] and [3] are then adapted 
and extended to our general case of D-t-N operators with variable coefficients 
and partial data. 

In Section [2] we define the D-t-N operator with partial data using the method 
of sesquilinear forms. In particular, for symmetric coefficients it is a self-adjoint 
operator on L 2 (F i). It can be seen as an operator on L 2 {dFl) with a non-dense 
domain and which we extend by 0 to L 2 (To). Therefore one can associate with 
this D-t-N operator a semigroup (T t ri ) t > 0 acting on L 2 {dFl). In Section [3] we 
prove positivity, sub-Markovian and domination properties for such semigroups. 
In particular, (T t ri ) t >o extends to a contraction semigroup on L p (dFl) for all 
p £ [ 1, oo). Hence, for ipo £ L P (F i), one obtains existence and uniqueness of the 
solution in L p (dFl) to the evolution problem 

d t (p + Mr 1 ,aW<P = 0, tp(0)=tp o . 

The results of Section [3] are of independent interest and are not used in the 
proof of the theorem stated above. 
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2 The partial D-t-N operator 

Let SI be a bounded open set of R d with Lipschitz boundary dfl. The boundary 
is endowed with the (d — l)-dimensional Hausdorff measure da. Let 

0. k j i O’k ) O/s, a 0 . SI X C 

be bounded measurable for 1 < k,j < d and such that there exists a constant 
i] > 0 for which 

d 

Re E akj(x)€k€j >r )|£| 2 (2.1) 

k,j= i 

for all £ = (£i, ■ • • , £<*) £ C d and a.e. a; £ SI. 

Let Tq be an closed subset of 5S1 and Ti its complement in 9S1. 


Elliptic operators on SI. 


We consider the space 

V = {u £ W 1 ’ 2 (S1), Tr(u) = 0 on T 0 = 0}, (2.2) 

where Tr denotes the trace operator. We define the sesquilinear form 

n:bxl/-)C 


by the expression 


a (u, v 


a „ a „ 

)= / akjdkudjV dx + / a k d k uv + dkudkV dx + aouv dx (2.3) 

k j — \ ^ ^ 1 


k= 1 ' 


for all u, v £ V. Here we use the notation dj for the partial derivative g|-. 

It follows easily from the ellipticity assumption m that the form a is 
quasi-accretive, i.e., there exists a constant w such that 

Rea(w,u) + w||zt||| > 0 Vu £ V. 

In addition, since V is a closed subspace of W 1,2 (S2) the form a is closed. There¬ 
fore there exists an operator L a associated with a. It is defined by 


D(L a ) = {zi £ V,3v £ L 2 (fl) : a(u, </>) 
L a u := v. 


vcj) dx V</> £ V}, 


Formally, L a is given by the expression 

d d 

L a u = - Y d k (a k jdjU ) + ^ a k d k u - d k (d k u ) + a 0 u. 
k,j =1 k —1 


(2.4) 


In addition, following [2] or j2] we define the conormal derivative in the weak 
sense (i.e. in U _1 / 2 (3fl) the dual space of H 1 ^ 2 (d fl) = Tr(W 1,2 (H))), then L a 
is subject to the boundary conditions 


Tr(u) = 0 
du 


dv 


= 0 


on T 0 
on Ti. 


(2.5) 
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The conormal derivative in our case is usually interpreted as 


E 


3 =1 


, CLkjdkU + djU Vj 


3 > 


where v = (v\, • • • , Vd) is the outer unit normal to the boundary of Q. For all 
this see [23], Chapter 4. 

The condition m is a mixed boundary condition which consists in taking 
Dirichlet on To and Neumann type boundary condition on Ti. For this reason 
we denote this operator by L^ 1 . The subscript a refers to the fact that the 
coefficients of the operator are given by a = {a,kj,ak,dk,ao} and M refers to 
mixed boundary conditions. 

We also define the elliptic operator with Dirichlet boundary condition Tr(«) = 
0 on dfl. It is the operator associated with the form given by the expression 
(E3D with domain D(a) = Wp 2 (f2). It is a quasi-accretive and closed form and 
its associated operator L® has the same expression as in (El and subject to 
the Dirichlet boundary condition Tr(it) = 0 on dfl. 

Similarly, we define L^ to be the elliptic operator with Neumann type 
boundary conditions 

|^=0 on dtl. 
ov 

It is the operator associated with the form given by the expression (12.31) with 
domain D( a) = W 1,2 (fl). 

Note that L® coincides with L^ if To = dfl and L^ coincides with if 

r 0 = 0. 

Finally we define elliptic operators with Robin boundary conditions. Let fi € R 
be a constant and define 


dr. dr. 

a^{u,v) = E / dkjdk'udjV dx + / cikdkuv + dkudkV dx + aguv dx 

k,j =ll 

— n I Tr(it)Tr(v)der (2.6) 

JdQ 


for all u, v £ D(a^) := V. Again, Tr denotes the trace operator. Using the 
standard inequality (see [2] or 0), 


f \Tr(u)\ 2 <s\\u\\ 2 wl , 2{n) +c e [ \u\ 2 
JdQ. Jn 

which is valid for all e > 0 (c e is a constant depending on e) one obtains that 
for some positive constants w and S 


R ea fJ '(u,u)+w \u\ 2 > <5|M|(w, 2(n) . 

Jn 

From this it follows that a M is a quasi-accretive and closed sesquilinear form. One 
can associate with a M an operator L This operator has the same expression 
(G3D and it is subject to the Robin boundary conditions 


Tr(u) =0 on r 0 

^ =juTr(u ) onFi. 


(2.7) 
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Actually, the boundary conditions (12.71) are mixed Robin boundary conditions 
in the sense that we have the Dirichlet condition on R and the Robin one on 
Id. For simplicity we ignore the word "mixed" and refer to m as the Robin 
boundary conditions. 

According to our previous notation, if /i = 0, then a° = a and L° a = . 

Note that we may choose here /r to be a bounded measurable function on the 
boundary rather than just a constant. 

The partial Dirichlet-to-Neumann operator on dCl. 


Suppose as before that a = {o-kj, a~/c, oo} are bounded measurable and 
satisfy the ellipticity condition (12.11) . Let ToWi,!/ be as above and a is the 
sesquilinear form defined by (12.31) . 

We define the space 

Vh '■= {u £ V, a(u,g) = 0 for all g £ W 0 1,2 (fl)}. (2.8) 

Then Vh is a closed subspace of V. It is interpreted as the space of harmonic 
functions for the operator L a (given by (12.41) ) with the additional property that 
Tr(u) = 0 on To. 

We start with the following simple lemma. 

Lemma 2.1. Suppose that 0 ^ cr(L^). Then 

V = V H ©Wo 1 ’ 2 ^). (2.9) 

Proof. We argue as in m , Section 2 or [2- Let us denote by a D the form 
associated with L® , that is, a D is given by (12.31) with D(a D ) = Wq 2 {H). There 
exists an operator C® : Wq’ 2 (0) —> W _1,2 (fl) := W^’ (fl)' (the anti-dual of 
Wo’ 2 (f2)) associated with a D in the sense 

(£a h ,g) = a D (h,g) 

for all h,g £ W 0 1,2 (fi). The notation (•, •) denotes the duality W 0 1,2 (f])' — 
W 0 1,2 (f]). Since 0 ^ a(L^), then L® is invertible. Therefore £,?, seen as 
operator on Wq’ (fi)' with domain W 0 1,2 (f2), is also invertible on Wq 1 ’ (Cl)' since 
the two operators and have the same spectrum (see e.g., [I], Proposition 
3.10.3). Now we fix u £ V and consider the (anti-)linear functional 

a(u, v). 

Clearly, F £ W 0 1,2 (f2) / and hence there exists a unique uq £ Wq 1 ’ (fi) such 
that £a u o = F, be., (£^uo,g) = F(g) for all g £ W 0 1,2 (f2). This means 
that a(u — uo,g) = 0 for all g £ W 0 1,2 (fl) and hence u — uq £ Vh- Thus, 
u = u — uq + uq £ Vh + W 0 1,2 (f2). Finally, if u £ Vh fl W 0 1,2 (fl) then a(u, g) = 0 
for all g £ W 0 1,2 (fl). This means that u £ D{L with L®u = 0. Since L^ is 
invertible we conclude that u = 0. □ 

As a consequence of Lemma l2~Tl the trace operator Tr : Vh —> L 2 (dfl) is 
injective and 

Tt(Vh) = Tr(V). (2.10) 
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In the rest of this section we assume that 0 ^ a(L^). We define on L 2 (dH, da) 
the sesquilinear form 

b(p,ip) := a{u,v) (2.11) 

where u,v £ Vh are such that p = Tr(u) and if = Tr(u). This means that 
D(b) = TV (V H ) and by MD 

D(b) = Tf(Vff) = Tr(R). (2.12) 

Lemma 2.2. There exist positive constants w, S and M such that 


and 


Re b(p, p) + w 



M 2 > <y||«ll^i. a(n ) 


(2.13) 


I b(p,if)\ < M 


Re b(p, p) +w 


r 

1/2 

/ M 2 

Id n 



Re b(ilif) +w I \if)\ 2 
Ja n 


1/2 


(2.14) 

for all p,ij) £ D(b). In the first inequality, u £ Vh is such that Tr(u) — p. 


Proof. It is well known that Tr : W 1,2 {Vl) —> L 2 (dfl) is a compact operator and 
since Tr : Vh —> L 2 (dfl) is injective it follows that for every e > 0 there exists 
a constant c > 0 such that 


[ \u\ 2 <e\\u\\ 2 wl , 2 +c [ |Tr(u)| 
J n Jon 

for all u £ Vh (see, e.g., [5]). In particular, 

/ M 2 < y~ f |v u | 2 + r ^ [ 

J n 1 ~ e Jn i — e j dn 


(2.15) 


(2.16) 


Now, let p £ D( b) = Tr(Vff) and u £ Vh such that p = Tr(w). It follows from 
the ellipticity assumption (12.11) and the boundedness of the coefficients that for 
some constant Cq > 0 


Re a(u, u)>^ [ | V u| 2 - c 0 f \u\ 2 . 
2 Jn Jn 

Therefore, using (12.161) and the definition of b we obtain 


R e b(p,p) = 


> 


Rea(u,it) 


(2 

2 




ccp r 
1 — e Jo n 


M 2 - 


Taking e > 0 small enough we obtain (12.1311 . 

In order to prove the second inequality, we use the definition of b and again the 
boundedness of the coefficients to see that 


Wv, VO I 


= K«>*0I 


Thus, (12.1411 follows from (12.1311 . 


□ 
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Corollary 2.3. The form b is continuous, quasi-accretive and closed. 
Proof. Continuity of b is exactly (12.141) . Quasi-accretivity means that 


Reb(^, p)+w / \p \ 2 > 0 

Jd n 

for some w and all p £ D(b). This follows from (12.131) . 

Now we prove that b is closed which means that D(b) is complete for the norm 

IMIb == ( Re b(v ?, +w J gn l^l 2 ) 

in which w is as in (12.131) . If (p n ) is a Cauchy sequence for || ■ ||b then by (12.131) 
the corresponding (u n ) £ Vr with Tr(u n ) = p n is a Cauchy sequence in Vr. 
Since Vr is a closed subspace of V it follows that u n is convergent to some u 
in Vr. Set p := Tr(u). We have p £ D(b) and the definition of b together with 
continuity of Tr as an operator from W 1,2 (fi) to L 2 (dtt) show that p n converges 
to ip for the norm || - ||t,. This means that b is a closed form. □ 

Note that the domain Tt(Vh) of b may not be dense in L 2 (dfl) since functions 
in this domain vanish on To- Indeed, 

H ■= D(b) L2{dQ) = L 2 (Ti) © {0}. (2.17) 

The direct inclusion follows from the fact that if p n £ D(b) converges in L 2 (d£l) 
then after extracting a subsequence we have a.e. convergence. Since p n = 0 on 
To we obtain that the limit p = 0 on To- The reverse inclusion can be proved 
as follows. Let T 2 be a closed subset of R d with T 2 C Ti and consider the space 
E = {it|r 2 : u £ IT 1 ’ 00 (1R <:! ), it|r 0 = 0}. Then E C C(T 2 ) and an easy application 
of the Stone-Weierstrass theorem shows that E is dense in C(r 2 ). Now given 
<p £ C'c(Ti) and e > 0 we find T 2 such that ||lri\r 2 ||2 < e and rt|r 2 £ E such 
that ||u|r 2 — p\\c{v 2 ) < e - Finally we take x e C'^ 0 (R d ) such that y = 1 on T 2 . 
Then (ity)|n £ V and 

WuX-tWl^vP) < ||w — p\\l 2 {t 2 ) + llxlU 2 (r 1 \r 2 ) 

< e|T 2 | + HxllooC- 

Here |r 2 1 denotes the measure of r 2 . These inequalities together with the fact 
that C c (Ti) is dense in L 2 (Ti) imply (12.171) . 

We return to the form b defined above. We associate with b an operator 
Afr j. It is defined by 

DiNvx) ■= W £ D(b),3ij) £ H : b(y>,^) = f -ifl £ D(b)}, Af ri p = if. 

J ri 

The operator A/iq can be interpreted as an operator on L 2 (dfl) defined as fol¬ 
lows: if ip £ D(J\frf) then there exists a unique u £ Vr such that p = Tr (u) 
and 













Again ^ is interpreted in the weak sense as the conormal derivative that is 
52 i (j2k=i a kjdkU-\-djifjvj. In the particular case where akj = Skj and 
ai = • • • = Od = 0 the right hand side of (12.181) is seen as the normal derivative 
on the boundary. All this can be made precise by applying the Green formula 
if the boundary and the coefficients are smooth enough. 

We call Mr, the partial Dirichlet-to-Neumann operator on L 2 ( dfl) or the Dirichlet- 
to-Neumann operator with partial data. The term partial refers to the fact that 
Mr, is known only on the part of the boundary 30. 

It follows from the general theory of forms that —Mr, generates a holomorphic 
semigroup e _tA ^ r i on H. We define T t ri on L 2 (30) by 

T t r V = e-^ ri (plrJSO. 

We shall refer to (X) ri ) t >o as the "semigroup" generated by — Mr, on L 2 (30). 

It is clear that 

r t ri |U (i 2 ( 9n) ) <e- Wot , t> 0, (2.19) 

for some constant wo■ Note that if the form a is symmetric, then b is also 
symmetric and hence Mr, is self-adjoint. In this case, (12.1911 holds with wq = 
inf a(Mr,) which also coincides with the first eigenvalue of Mr, ■ For all this, 
see e.g. [23], Chapter 1. 

3 Positivity and domination 

In this section we study some properties of the semigroup (T) ri ) t >o- We assume 
throughout this section that 


o.jk — Okj , dfc — £ F (n,R). (3.1) 

We recall that Lff is the elliptic operator with Dirichlet boundary conditions 
defined in the previous section. Its associated symmetric form a D is given by 
El and has domain Wq 1 ’ 2 )!!). We shall need the accretivity assumption of a D 
(or equivalently the self-adjoint operator is non-negative) which means that 

a D (u,u) > 0 for all u £ Wq 1 ’ 2 ^). (3.2) 

Theorem 3.1. Suppose that 0 ^ (13.11) and that L® is accretive. 

a) The semigroup ( T[ 1 ) t >o is positive (i.e., it maps non-negative functions of 
L 2 (3fl) into non-negative functions). 

b) Suppose in addition that oo > 0 and au = 0 for all k £ {1, ■ ■ • ,d}. Then 
C T. f 1 )t>o is a sub-Markovian semigroup. 

Recall that the sub-Markovian property means that for <p £ L 2 (3fl) and 
t > 0 

0<^<1^0< T t r V < 1- 

This property implies in particular that (T t ri )t>o extends from L 2 (3fl) to L p (3ff) 
for all p £ [2, oo[. Since a is symmetric then so is b and one obtains by duality 
that (T t Fl )t>o extends also to L p (dfl) for p £ [1, 2]. 
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Proof. The proof follows exactly the same lines as for Theorem 2.3 in m- 
a) By the well known Beurling-Deny criteria (see JEj], Section 1.3 or [23], The¬ 
orem 2.6), it suffices to prove that p + £ D(b) and b(p + ,p~) < 0 for all real¬ 
valued p £ D(b). Note that the fact that D(b) is not densely defined does not 
affect the the statements of the Beurling-Deny criteria. 

Let p £ D(b) be real-valued. There exists a real-valued u £ Hy such that 
p = Tt(m). Then p + = Tr(u + ) £ Tr(V) = Tr Hy = D(b). This follows from the 
fact that v + £ V for all v £ V (see [23j, Section 4.2). 

By Lemma EJ we can write u + = Mo+Mi and u~ = uo+vi with uq, vq £ W 0 ,2 (fi) 
and U\,v\ £ Hy. Hence, u = u + — u~ = (uq — vq) + (u\ — v\). Since 
u, u\ — v\ £ Hy it follows that uq = vq. Therefore, 

b(p + ,p~) = a(ui,i>i) = a(ui,t> 0 + «i) = a(u 0 + Mi,w 0 + vi) - a(u 0 ,v 0 + vi) 
= a(u + , u~) - a(it 0 , v 0 ) = ~a(u 0 , v 0 ) 

= —a(uo,uo) = —a D (uo,uo). 


Here we use the fact that 


d n, dp 

a (u + ,u~)=^2 / a kjdk(u + )dj(u~)+ a k d k u + u~ + a k u + d k u 

k,j=l Jn k=i Jn 


k,j =1 

+ / aou + u~ = 0 . 

J n 


By assumption (E2D we have a D (u o, uq) > 0 and we obtain b(p + , p ) < 0. This 
proves the positivity of (T t ri )t> 0 on L 2 (dfl). 


b) By [22] or [23], Corollary 2.17 it suffices to prove that 1 Ap := inf(l, p) £ 
D(b) and b(lAp, {p — 1) + ) > 0 for all p £ D(b) with p > 0. Let p £ D(b) and 
suppose that p > 0. Let u £ Hy be real-valued such that p = Tr(zt). Note that 
tAu £ V (see E3I, Section 4.3). We decompose IAm = mo+mi £ Wq' 2 (CI)®Hv. 
Then 

(it — 1) + = u — 1 A it = (—no) + (m — u±) £ Wq 1,2 (H) ® Hy. 
Therefore, 


b{lAp,(p- 1) + ) 


a(iti, u — iti) = a(uo + iti, it — iti) 
a(lto + Ui, -M 0 + M — Ml) + a(lto + Ml, Mo) 
a(u 0 + Ml, -Mo + M — Ml) + a(uo, Mo) 



ao(l A m)(m 


1) + + o' d (m 0 , m 0 ) 



1) + + a D (M 0 ,M 0 ) > 0. 


This proves that b(l A p, {p — 1) + ) > 0. 


Next we have the following domination property. 


□ 
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Theorem 3.2. Suppose that akj, ak, dk and a o satisfy (13.11) . Suppose also that 
Lff is accretive with 0 ^ a(Lff). Let To and To be two closed subsets of the 
boundary such that To C To- Then for every 0 < p £ L 2 (dtt) 

o < T t r v < r t r v. 

Proof. Let Ti be the complement of To in dfl. Denote by b and b the sesquilinear 
forms associated with A/ry and A ff , respectively. Clearly, b is a restriction of b 
and hence it is enough to prove that D(b) is an ideal of D( b) and apply [22 or 
ESI, Theorem 2.24. For this, let 0 < p < if with <p G D(b) and if G D( b). This 
means that p and if are respectively the traces on <912 of u,v G IT 1,2 (I2) such 
that 

p = Tr(u) = 0 on To and if = Tr(u) = 0 on fo. 

Since 0 < p < if we have p = 0 on To- This equality gives p G Z2(b) and this 
shows that D(b) is an ideal of D(b). □ 

The next result shows monotonicity with respect to the potential ao. This 
was already proved in mi Theorem 2.4, in the case where Lff = —A + ao- The 
proof given there works also in the general framework of the present paper. 

As above let akj, ak and ao be real-valued and let (Tf 1,a °) t >o denote the 
semigroup (T) ri ) t >o defined above. Suppose that bo is a real-valued function 
and denote by ( T^ 1 ’ b °) t >o be the semigroup of Wry with coefficients akj, ak and 
bo (i.e. ao is replaced by 6o)- Then we have 

Theorem 3.3. Suppose that akj, ak, dk and ao satisfy (13.11) . Suppose again 
that 0 ^ cr (L^) and L® is accretive. If ao < bo then 

0 < t[ iM p < T t ri ’°V 

for all 0 < p G L 2 (dVL) and t > 0. 

4 Proof of the main result 

In this section we prove Theorem ll.il We recall briefly the operators introduced 
in Section [2 

For /iGl and recall the operator Lf associated with the form cC given by 
(12.61) with domain := V and V is again given by (12.21) . The operator 

associated with cC is Lf. It is given by the formal expression (E3D and it is 
subject to mixed and Robin boundary conditions (12.71) . 

We also recall that Lff is the operator subject to the Dirichlet boundary condi¬ 
tions and Lff is subject to mixed boundary conditions. 

Fix A ^ a(Lff). We denote by A/"r lia (A) the partial D-t-N operator with the 
coefficients {akj, ak, ao — A}. It is the operator associated with the form 

dr. dr. 

b{p,if) ■= £/ akjdkudjV dx + / akdkuv + akudkV dx + (ao — X)uv dx 

k,j fc=l •' n 

where u, v G Vh( A) with Tr(rt) = p, Tr(-u) = if and 

V H (A) := {u G V, a(u,g) = A [ ug for all g G W 0 1,2 (fl)}, (4.1) 

J n 
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This space is the same as in (12.81) but now with a o replaced by do — A. 

We restate the main theorem using the notation introduced in Section [21 

Theorem 4.1. Suppose that Cl is a bounded Lipchitz domain of Mr with d > 2. 
Let To be a closed subset of dCl, To ^ dCl and Ti = <9f 1 \ To- Let a = {akj = 

ajk, Ok = ak, o-o = do} and b = {bkj = bjk,bk = bk,bo = &o} be bounded 
measurable functions on SI such that akj and bkj satisfy the ellipticity condition 
m- If d > 3 we assume in addition that the coefficients akj , bkj , flfe and bk are 
Lipschitz continuous on Cl. 

Suppose that A/r lia (A) = A/r 1) b(A) for all A in a set having an accumulation 
point in p(L D p(L®). Then: 

i) The operators L£ and L£ are unitarily equivalent for all p G K. 

ii) The operators Lff and Lff 1 are unitarily equivalent, 
in) The operators L® and L® are unitarily equivalent. 

Moreover, for every A G a(L%) = cr(L^) with A ^ cr(L^) = a(L^), the sets 
{Tr(u),u G Ker(\I — L%)} and {Tr(v),v G Ker(AI — L £)} coincide. The same 
property holds for the operators L^f and L^. 

We shall need several preparatory results. We start with the following the¬ 
orem which was proved in [2] and [3] in the case where akj = Skj, cifc = 0, do is 
a constant and Id = dCl. 

Theorem 4.2. Let a = {akj = ajk , ak = ad, do = do} be bounded measurable 
functions on SI such that akj satisfy the ellipticity condition (12.11) . 

Let p, A G HI and A ^ a(L^). Then: 

1) p G ct(A/t 1 ,o(A)) O A £ cr(L%). In addition, if u G Ker(A — L%), a / 0 
then ip := Trfu) G Ker(p — 7Vr 1 ,a(A)) and ip ^ 0. Conversely, if ip G Ker{p — 
•A/ri, a (A)), p 7 ^ 0, then there exists u G Ker(A — L%), u ^ 0 such that p = Tr(u). 

2) dim Ker(p — A/r 1 ,a(A)) = dim Ker (A — L£). 

Proof. We follow a similar idea as in [2] and [3] . It is enough to prove that the 
mapping 

S : Ker(A — L%) —> Ker(^t — 2Vr li0 (A)), u Tr(u) 

is an isomorphism. First, we prove that S is well defined. Let u G Ker(A — L%). 
Then u G D(L£) and L^u = A u. By the definition of L£ we have u G V and for 
all v G V 


d 

E 

k,j =1 1 


a k jdkudjV + 

1 k =1 ' 


akdkuv + akudkV 


+ / do uv — A / uv = p Tr(zt)Tr(u). 


(4.2) 


id n 


Taking v G Wq (Cl) yields u G Vh{ A). Note that ( 14 . 21 ) also holds for v G Vh{ A). 
Hence it follows from the definition of A/r lia (A) that 

p := Tr(u) G D(Ar 1 ,a(A)) and Mr ua (A)p = pp. 

This means that S(u) G Ker (p — A/’r 1 ,o(A)). 

Suppose now that u G Ker(A— L£) withw ^ 0. IfS(u) = Othenu G Wq’ 2 (SI). 
Therefore, it follows from ( 14 . 21 ) that for all v G V 

d „ d „ „ 


y / a k jd k udjv+y 

ti- 


akdkuv + akudkV + / (do — A )uv = 0. (4.3) 
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This implies that u £ Vr{ A). We conclude by Lemma HTT1 that u = 0. Thus S 
is injective. 

We prove that S is surjective. Let tp £ Ker(p — Ar ll0 (A)). Then by the definition 
of 7Vr 1 , a (A), there exists u £ Vh{ A) such that tp = Tr (u) and u satisfies (14.211 for 
all v £ Vh( A). If v £ V we write v = vq + V\ £ W^' 2 (Ft) © Vr{ A) and see that 
(14.21) holds for u and v. This means that u £ D(L%) and L£u = Xu. □ 

Lemma 4 . 3 . For A £ R large enough , (A + L^) -1 converges in C(L 2 (fl)) to 
(A + Lf’) -1 as p —>• — oo. 

This is Proposition 2.6 in |2] when akj = 8 k j, ak = ao = 0- The proof given 
in [2] remains valid in our setting. Note that the idea of proving the uniform 
convergence here is based on a criterion from [8] (see Appendix B) which states 
that it is enough to check that for all (/„), f £ L 2 (Q) 

fn / =► (A + K-r X fu -t (A + L° a J- 1 /, (4.4) 

for every sequence p n —>• — oo. The first convergence is in the weak sense in 
L 2 (H) and the second one is the strong convergence. It is not difficult to check 

03D- 

From now on, we denote by (A^„)„>i the eigenvalues of L%, repeated ac¬ 
cording to their multiplicities. We have for each p £ R 

Aq,i < K ,2 ^ +oo. 

Similarly for the eigenvalues (A^„)„>i of if. These eigenvalues satisfy the 
standard min-max principle since the operators L£ and Lff are self-adjoint by 
our assumptions. 

A well known consequence of the previous lemma is that the spectrum of L% 
converges to the spectrum of Lff. More precisely, for all k. 

A a,k A as P ( 4 -5) 

In addition, we have the following lemma which will play a fundamental role. 

Lemma 4 . 4 . Let a = {akj = aj k , a k = aj^oo = «o} be bounded measurable 
functions on SI such that akj satisfy the ellipticity condition (12.11) . If d > 3 we 
assume in addition that the coefficients akj and ak are Lipschitz continuous on 
Q. Then for each k, p H > X^ k is strictly decreasing on R and A a ,k ~ oo as 
p —> +oo. 

Proof. Firstly, by the min-max principle A(( k < X^ k and the function p i—>■ 
A„ k is non-increasing. Fix k > 0 and suppose that p t->- A„ k is constant 
on [a, 0\ for some a < /3. For each p we take a normalized eigenvector 
such that Tr(u M+ft- ) —> Tr(tt^) in L 2 (dLl) as h —> 0 (or as h n —> 0 for some 
sequence h n ). Indeed, due to regularity properties p H > X'{ k is continuous (see 

HZI. Chapter VII) and hence (A l f + k h )h is bounded for small h. The equality 
a^ +h (u^+h, u ^+h) = \£+ h implies that a tt+h {u> i+h ,u lt+h ) is bounded w.r.t. h 
(for small h). This latter property and ellipticity easily imply that {u fJ,+h )h 
is bounded in V. After extracting a sequence we may assume that (u^ +h )h 
converges weakly in V to some u as h -£ 0. The compactness embedding of V 
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in L 2 (Q) as well as the compactness of the trace operator show that {u^ +h )h 
converges to u in L 2 {fl) and Tr (u^ +h ) converges to Tr(u) in L 2 (dLl). On the 
other hand for every v G V, the equality 


a'* +, *(u'* + \t;) = X^ + k h [ u^ +h v dx 
Jn 


shows that the limit u is a normalized eigenvector of for the eigenvalue A£ k . 
We take u^ := u and obtain the claim stated above. 

Observe that 


/ Tr^+^Tr^) da = 0 

JTi 


(4.6) 


for all h / 0 and n,/j, + h£ [a, /3\. Indeed, using the definition of the form cffi 
(see (12.61) 1 we have 


A f dx 

J n 


^{u^+b, u") - h [ TrK+^Tr^) da 

■'t 1 

A f u^+bui 1 dx — h I T'r(u ft+h )Tr(u* i ) da. 
Jn J rq 


This gives m- Now, letting h —> 0 we obtain from (EH) and the fact that 
Tr(w /i+ft ) converges to Tr(M M ) as h —> 0 that Tr(it M ) = 0 on Id for all /i G [a, 0\. 
Hence Tr(u M ) = 0 on dLl since G V. Hence, L^ has an eigenfunction G 
Wq’ 2 (Q). Note that if d = 2 or if d > 3 and the coefficients akj and a*, are 
Lipschitz continuous on O, then the operator L a has the unique continuation 
property (see [25] for the case d = 2 and [25| for d > 3). If d > 3 and hence 
the coefficients are Lipschitz on 12, we apply Proposition 2.5 in [6] to conclude 
that = 0, but this is not possible since ||m m ||2 = 1. If d = 2 we argue in 
a similar way. Indeed, let 12 be an open subset of K 2 containing 12 and such 
that To C dfl and 12 \ 12 contains an open ball. We extend all the coefficients 
to bounded measurable function dkj,dk and do on 12. In addition, dkj = djk 
on 12 and satisfy the ellipticity condition. We extend to uv G Wj’ 2 (fl) by 0 
outside 12. We dehne in 12 the elliptic operator La as previously. For v G C'^°(n) 
we note that U|q G V and hence 


[La{u»)vdx = cffi(M M ,U|n) 
Jn 


= X u^v |n = A lu^v. 


The term f~ La(u /X )v is of course interpreted in the sense of the associated 
sesquilinear form and the first equality uses the fact that uv is 0 on 12 \ 12 and 
u M G Wq’ 2 (12). Hence, satisfies 


{Ls, - A)(u>) = 0 


in the weak sense on 12. We conclude by the unique continuation property 1(26]) 
that # = 0 on H since it is 0 on an open ball contained in 12 \ 12 . We arrive as 
above to a contradiction. Hence, /x X% k is strictly decreasing on ]R. 
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It remains to prove that for any k, A(( k —> —oo as /i —> +oo. By the min-max 
principle 



udjU + 2 Re 


d 


E 


/ a k d k uu+ / a 0 \u \ 2 - [i 
J fi J Cl 



|Tr( U )| 2 


for every normalized u £ V. Taking u such that Tr(u) ^ 0 shows that A„ 1 —> 
—oo as /i -4 Too. Suppose now that X^ k > w for some w £ R, k > 1 and all 
fi £ R. Taking the smallest possible k we have A„ ■ —>• —oo as ft -4 Too for 
j = 1, ■ • • , &—1. Of course, A£ • > w for all j > k and we may choose u> ^ a(L^). 
Remember also that // i-4 A(U is strictly decreasing for j = 1, • • • , fc — 1. On 
the other hand, by Theorem 14.21 we have er(A/r li0 (w)) C 6 fi, A„ ■ = w,j = 
1, • • • , k — 1}. Using the fact that A£ ■ -T — oo as (jl -4 Too and fi 1-4 A„ ■ is 
strictly decreasing for j = 1, • • • , k — 1 we see that we can choose w such that 
the set {fi £ R, A^ ■ = w,j = 1 , • • • , k — 1 } is finite and hence cr(A/’r 1 ,a(w)) is 
finite which is not possible since L 2 (Ti) has infinite dimension. □ 

Related results to Lemma roi can be found in [3] (see Proposition 3) and 
ESI- In both papers the proofs use the unique continuation property. 

We shall also need the following lemma. 

Lemma 4.5. For every ip,ip £ Tr(V), the mapping 


A i-4 (A/'r 1 , 0 (A)T, i>) 


is holomorphic on C \ a(Lp’). 

This result is easy to prove, see Lemma 2.4 in [5], 

Proof of Theorem, \l.l[ As above, we denote by (A^ n ) n >i and {X kn )n>i the 
eigenvalues of the self-adjoint operators L £ and L®, respectively. 

It follows from Lemma H~5l and the assumptions that A/r ll0 (A) = A/iq^A) 
for all A G C \ (a(Lf) U cj(L °)). 

i) We show that for all p £ R 

a(LZ) = a(LZ), (4.7) 

and the eigenvalues have the same multiplicity. 

Fix fi £ R and suppose that A = A ^ k £ cr(L£) \ (a(Lp’) U a(L£)). By Theorem 
SHI n £ cr(7Vr 1 ,o(A)) = cr(A/'r 1) b(A)) and hence A € cr(L%). Thus, A = X^ k = AjU 
for some j > 1. The second assertion of Theorem IT2l shows that A„ k and Aj • 
have the same multiplicity. In addition, j = k. Indeed, if k < j then 

K,1 — K,2 — ' ■ ■ — K,k — ' ' ' — K,j = a,k■ 

Each Aj coincides with an eigenvalue of L% (with the same multiplicity) and 
hence A(( fc is (at least) the j —th eigenvalue of L£ with j > k which is not 
possible. The same argument works if j < k. Using Lemma FTT1 we see that for 
any k there exists a discrete set J C R such that A^ k = k for every p £ R\ J. 
By continuity of p H > A(( k and fi H > X^ k these two functions coincide on R. This 
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proves (TT7D and also that the multiplicities of the eigenvalues A^ k and A k k are 
the same. 

The similarity property follows by a classical argument. Recall that L% and 
L j are self-adjoint operators with compact resolvents. It follows that here exist 
orthonormal bases and 4 > n of L 2 (Q) which are eigenfunctions of L% and L k , 
respectively. Define the mapping 

U : L 2 (Vt) ->■ L 2 {VL), $„ i-> T„. 

Thus for / = J2n(f^n)^n G L 2 (Q), U(f) = The notation 

(/,<&„) is the scalar product in L 2 (tt). Clearly, 

Il«(/)ll2 = £l(/’*»)l 2 = ll/lll- 

n 

The mapping U is an isomorphism. In addition, if = A% n $ n then for 

/ g mK) 


UKu~\f) 


ULZU - 1 (£(/,*„)*„ 

\ n 

UK 

w(£(/,^n)AS in $ n ] 


n 

mi 


Thus, and L k are unitarily equivalent. This proves assertion i). 


ii) Choose fi = 0 in the previous assertion. 


Hi) As mentioned above, by Lemma Td.31 we have (Id. 51) . The same property 
holds for K, that is, —>• A^ k as /x —>• —oo. It follows from assertion (i) that 
A ® k = AK for all k > 1 and have the same multiplicity. We conclude as above 
that L® and are unitarily equivalent. 


Finally, another application of Theorem 14.21 shows that Tr(Ker(A — K)) = 
Tr(Ker(A — L%)) for A £ <j(L° ) = <r(L°). □ 
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